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ABSTRACT In this article we show that a channel complex of cooperatively interacting subunits can produce a power law
spectrum, with the slope of the spectrum depending on the strength of the cooperative interaction. The effects of cooperativity
are explored via a computational model of a calcium-regulated cation channel for which new data is presented. The results,
which concern "flickering" conductances, are correlated with prior work on critical fluctuations in the Ising model of ferromag-
netism.
INTRODUCTION
Many aspects of calcium-regulated channel behavior can be
explained by proposing that individual channel subunits,
each held shut by a single calcium ion, are coupled tightly
in a complex in which the opening of one subunit decreases
the calcium binding energy on neighboring subunits. The
modeled current fluctuations and spectrum agree with ex-
perimental data from a cation channel first identified in skel-
etal muscle by McGeoch and Guidotti (1992), which con-
ducts both sodium and calcium at hyperpolarizing voltages.
This channel has also been found in heart, brain, and oocytes,
and plays an important role in the regulation of intracellular
sodium (McGeoch and Morielli, submitted for publication).
It is gated by cGMP and controlled by divalent cations,
prompting comparison with the sensory channels of the eye
and nose (Stryer, 1986; Dhallan et al., 1990). The channel
current shows a characteristic "flickering", which resembles
reported observations of the eye channel (Haynes et al., 1986;
Torre et al., 1992; Zimmerman and Baylor, 1986), and it is
hard to assign a unitary conductance. The Fourier transform
power spectrum of the current record (McGeoch and
Guidotti, 1992) is not a Lorentzian curve as would be ex-
pected for statistically independent channel events, but ex-
hibits a power law with an exponent between -1 and -2. The
existence of such a power law was thought to be a con-
sequence of cooperative interactions between channels
(McGeoch and Guidotti, 1992). Power law dependencies
with an exponent of -1 have been reported for the eye
channel (Haynes et al., 1986; Torre et al., 1992) and inter-
preted as the sum of two or three Lorentzian distributions
each from statistically independent channel types with dif-
fering kinetic behavior. The present results suggest an al-
ternative explanation for some of these results in terms of
cooperative interactions.
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There already exists an analogue in the Ising model of
coupled magnetic spins. Liu and Dilger (1993) have recently
discussed the application of the Ising model to cooperative
channels and emphasized the enhanced level of fluctuations
that cooperativity induces at the channel opening transition.
The power spectrum of critical Ising fluctuations has pre-
viously been shown by Angles d'Auriac et al. (1982) to obey
an inverse power law of slope between -1 and -2, and their
results are closest in spirit to the present work, in that they
treat a small finite two-dimensional magnetic spin lattice
whereas here we are concerned with possibly four channel
subunits coupled in a tight circle (2 X 2 lattice).
Arecchi and Lisi (1982) have shown that such power laws
arise from systems in which the amplitude of a current takes
on different values as a nonlinear dynamical system hops
between several basins of attraction. This could correspond
in the present context to multiple conductance states of a
channel complex. We find that if we require all (four) sub-
units to be in a "permissive" state before the channel con-
ducts, then the slope of the power spectrum becomes -1,
whereas if multiple conductance states can exist (analogous
to multiple magnetisation states), the slope tends to -1.7.
Both cases may be relevant, because the eye channel has a
spectral slope of -1, whereas the cation channel described in
the present study shows slopes between -1.4 and -1.8 in
different tissues. The -1 slope can arise in a general way in
circumstances where an outcome depends on the successful
completion of several distinct statistical processes (Montroll
and Shlesinger, 1982).
We will consider the coupling of several channel subunits
in a small complex, in which the state of one subunit influ-
ences the state of its nearest neighbors and propose that the
specific means of coupling is via changes in the binding
energy of the calcium ions which stabilize the "closed" chan-
nel conformation (McGeoch and Guidotti, 1992). DeFelice
(1993) has concluded that clustering of functional units could
explain the observed cooperativity of L-type calcium chan-
nels (which, however, have a different voltage dependence
compared with the cGMP-activated cation channel of the
present study). When a coupling model is constructed
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(below), the resulting power spectrum is found to show a
completely characteristic f- power law, where 1 < n < 1.7,
which is independent of the actual voltage, or calcium con-
centration, but depends only on the coupling parameter. An-
other well-known consequence of cooperativity displayed by
this Ising type of model is enhanced sensitivity to ligands, in
this case voltage, calcium concentration and temperature.
THEORETICAL DESCRIPTION
We start our theoretical description by noting that the open-
ing of a channel at hyperpolarizing voltage (Fig. 1) is modu-
lated qualitatively by calcium. If the calcium concentration
is increased, the current-voltage plot becomes more
"hooked" and the channel requires more voltage to open.
This is also seen in the retinal channel (Chen et al., 1993).
Just this type of behavior occurs if the calcium binding en-
ergy is hypothesized to decrease with increasing transmem-
brane voltage. We write
a
D(V) = 0+1 (1)
where D(V) is the calcium binding potential per unit charge
at voltage Vand a, xo, and f are constants. This (point charge
potential) form forD(V) would be expected for ionic binding
of a Ca2" ion to a protein region with two negatively charged
groups, each separated by distance xo from the ion, this dis-
tance increasing linearly with increased voltage. The possi-
bility of a fixed size calcium site is rejected because insuf-
ficient binding energy reduction occurs on the application of
the membrane electric field across a site of typical dimen-
sions. The approximately 50 mV binding reduction required
to fit the data can, however, be provided by the movement
of a multiply charged group part way across the membrane,
and communicated to the variable size site, which is near the
cytoplasmic side, by a "protein lever."
The channel subunit is assumed to switch from "closed"
to "open" in a conformational change that can only occur if
the Ca2" ion is off (i.e., the Ca2+ ion is no longer "buttoning"
the protein together at that location). This kinetic scheme is
represented in Fig. 2. Although we speak of subunits having
a unique open conductance, it may be that the conductance
of the complex is not proportional to the number of "open"
subunits, but may require at least two subunits to have
changed to an "open" conformation before conductance be-
gins (discussed below). The transition rate from closed to
open is in general a function of the calcium concentration and
the voltage, and is given by
Ro([Ca ], V) = YMOLPC (2)
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FIGURE 1 (a) Measured voltage dependence of cGMP-dependent cation
channel current at different calcium concentrations, from (McGeoch and
Guidotti, 1992). Skeletal muscle preparation, conditions given in (McGeoch
and Guidotti, 1992). (b) Measured inhibition of cGMP-dependent cation
channel current by calcium at fixed voltage (100 mV), from (McGeoch and
Guidotti, 1992). Conditions given in (McGeoch and Guidotti, 1992).
v is the oscillation frequency of the calcium ion at the site
and the exponential term represents the probability of there
being sufficient thermal energy to escape from a potential
well of depth 2Dq, q being the unit charge and D, given by
Eq. 1, being the interaction potential of calcium with each
negative protein group. The "on" rate Kon = kl[Ca2+], where
k1 is determined by diffusion and is only weakly temperature
dependent. We therefore obtain for the opening rate
Ro([Ca2 ], V) = 'YMOL
1 + [ e2D(Vql/kT)
(3)
where YMOL iS the rate of (thermally induced) conformational
change and P, is the probability that the subunit occupies a
Ca2+-free closed state, PC being equal to the fraction of time
that calcium is off.
PC is equal to the calcium "off' rate (K0ff) divided by the
sum of the calcium "off' rate and the calcium "on" rate
(Koff + Kon). The "off' rate K0ff = v exp[-2D(V)q/kl] where
Once open, the calcium site will have expanded and the
calcium binding potential will be reduced to D' (<D) where
a
D'.) I+ P'V(4
with xo' > xo and ,3' > 3. By an analogous line of reasoning,
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FIGURE 2 Representation of the kinetics of a
complex of cooperative calcium-regulated chan-
nel subunits.
the transition rate from open to closed is found to be
R,([Ca2], V) = 'YMOL
+ kl[Ca2] e
For any one channel (sub)unit, Eqs. 3 and 5 describe the
open/closed fluctuations in terms of the calcium concentra-
tion and voltage. For example, the time averaged current of
one unit is given by SVR0/(Ro + RC), where S is the con-
ductance of a channel subunit. For simplicity the opening and
closing conformational changes are given the same rate, al-
though in principle there could be an energy difference be-
tween the conformations, and indeed such a difference could
be voltage dependent. Such energy differences are assumed
to be minor compared with the energy involved in the cal-
cium interaction.
The experimental data (Fig. 1) also show an extremely
sharp dependence of channel state on the calcium concen-
tration. An average of 3.7 ± 1 Ca2" ions are involved
(McGeoch and Guidotti, 1992) in channel inhibition. Either
a channel could have more than one calcium binding site, or
several channel subunits, each with a single binding site,
could interact cooperatively in a complex, the opening (for
example) of some (sub)units in the complex reducing the
calcium binding energy and facilitating the opening of the
remaining units. There are several aspects of the channel's
behavior that suggest the second case. For one thing, the
conductance of "single channel events" is relatively high
(150 pS at 50 mM Na, data shown below). The typical con-
ductance ofmany other channel types is several times smaller
than this, so the possibility of correlated opening has to be
considered. More importantly, the Fourier transform (power
spectrum) of the current ((McGeoch and Guidotti, 1992) and
below) is indicative of correlated behavior. Lastly, the time
records of the "single channel events" (shown below) appear
to show several stages of opening, with a constant fully open
state, suggesting the interaction of about four channel sub-
units in a definite group.
The interaction between subunits can be represented as
follows: The assumption is that the interacting (sub)units lie
I,
_ _'
Conductance cases: O C Ca schannel
sum of open subunits
- -,-- subu__-
sum of subunits if two or channel ' y c c
more open, otherwise 0 conductance o--2O C C:Ca complex
conducts if all subunits -------- --
open, otherwise 0 - ....-X
'0 C C:Ca)
O = "open" conformation
C = "closed" conformation cooperativeinteractions
C:Ca, = closed with calcium bound
in a planar membrane, "daisy chained" together in a circle
and that each unit is influenced by the states of the two neigh-
boring units. The following simple interaction between units
is proposed. If the highest calcium binding potential is D,
achieved when a unit and its two neighbors are all closed, and
the lowest binding is gD, when a unit and its two neighbors
are all open (g being a factor less than one), then the binding
potential of unit i in the channel complex is
D
Di:=-gD + - (Si-, + Si+ Sj+)(1 - g)
where Si is the state (1 = closed, 0 = open) of unit i.
NUMERICAL METHODS
A numerical model of the above system has been run with
the trial set of parameters: xo = 5.5 X 10-1° m, ,B = 7.5 X
101- mV1 , k1 = 1 X 10-17 m3 S-1, v = 1 X 1012 S-1,
T = 293 K, and a = q/(4-TrEEO) in MKS units where q is the
unit charge, E is the dielectric constant (e = 8) and Eo is the
permittivity of free space. The evolution of the complex was
followed in time steps of 1/YMOL. At each time step the
N units in the complex were each given an opportunity to
change state. The new state of each channel was determined
by comparison of a random number between 0 and 1 with
ROIdYMOL if the channel was originally closed, or with RJ/
'YMOL if the channel was originally open. The values of RO
and RC for each channel were determined from 3 and 5 using
the binding potential given by 6, in which the states of the
previous time step were used. In the evaluation of different
cases, the evolution of a complex was followed for 4,096 up
to 524,000 time steps, depending on the statistical accuracy
required.
EXPERIMENTAL METHODS
Rat brain synaptosomal or heart muscle membrane proteins
were reconstituted in phospholipid bilayers and patch-
clamped, according to the methods described (McGeoch and
Guidotti, 1992). The electrolyte concentrations were as
(6)
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follows: pipette (representing the outside of the cell) 50 mM
NaCl. Bath (representing the cytoplasm) 10 mM NaCl and
15 mM MgCl. Both were buffered to pH 7.6 with 5 mM
Hepes.
RESULTS AND DISCUSSION
Throughout the presentation of the theoretical data, the mem-
brane voltage is given as a positive number but the normal
physiological polarity is implied. Fig. 3 shows computed
average current versus calcium concentration for g = 0.7,
0.8, and 0.9. As expected, the curves are much more gentle,
approaching first order kinetics, as the cooperativity is re-
duced (g -> 1). On the other hand the current is a steep
function of calcium concentration for highly cooperative
cases. Comparison with the data of (McGeoch and Guidotti,
1992) indicates that g could be in the range 0.7 < g < 0.8 for
skeletal muscle. Another determination of g comes from the
power spectrum of the current fluctuations, discussed below.
Fig. 4 shows I-V plots of the calculated current, obtained
by multiplying the open fraction of channel subunits by the
voltage, for four calcium concentrations. Above 0.1 ,uM the
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FIGURE 3 Computed average current in relative units as a function of
voltage and calcium concentration for weak, moderate, and strong coop-
erativity (g = 0.9, 0.8, and 0.7 respectively, four channels). Current is time
averaged over a duration of 4096YMOL-j-
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FIGURE 4 Computed average current as a function of voltage for dif-
ferent calcium concentrations. Four-channel complex with cooperativity
factor g = 0.75.
I-V plot takes on the characteristic hook shape that is ob-
served experimentally (McGeoch and Guidotti, 1992; Chen
et al., 1993).
Up until this point we have assumed that each subunit
contributes equally to the conductance when it is in the
"open" conformation. Fig. 5 a shows the computed time de-
pendence of the cation current for a case having V = 0.07
volts, [Ca2"] = 2 X 10-7 M, g = 0.75 and four channel units
in the model complex. The experimentally recorded trace
from patch-clamped reconstituted brain channel is shown in
Fig. 5 b and (expanded) in Fig. 5 c. We find that a much better
simulation (Fig. 5 d) of the experiment is obtained when the
conductance is set to zero unless two or more subunits are
"open," and only 2, 3, or 4 units of conductance are allowed
to occur. In that case the model reproduces the data very
realistically, particular points of comparison being the very
sudden opening or closing of a whole complex (to a set cur-
rent maximum) and the flickering of the open current, which
is due to one or two of the subunits in a complex momentarily
closing and reopening. The experimental fluctuations (Fig. 5
c) appear to show that there are four subunits in the complex
and that while the complex is conducting one unit drops out
frequently and a second unit closes occasionally.
The effect on the simulated current of varying the degree
of cooperativity is shown in Fig. 6, in which the cooperativity
is increased going through Fig. 6, a-c, via the use ofg = 0.85,
0.75, and 0.65, respectively. A four-subunit channel complex
is assumed, and conductance is assumed proportional to the
number of open subunits but set to zero for less than two open
subunits. There is a dramatic shift toward lower frequency
content as cooperativity is increased. This is a reflection of
the increased tendency of all subunits to be either closed, or
open, with transitions between these two extremes becoming
less and less probable as the coupling of subunits is in-
creased. Specifically, when a subunit and its neighbors are
all open, the Ca2+ binding energy is much reduced (Eq. 6)
and the probability of simultaneous re-occupation of a num-
ber of Ca2+ sites is greatly reduced. The likelihood of a
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FIGURE 6 Simulated time courses of the channel current at increasing
cooperativity, for a conductance proportional to the number of open subunits
beginning only when two or more subunits are "open." (a) g = 0.85, (b)
g = 0.75, (c) g = 0.65. The time scale is the same in each simulation, the
full trace representing 960MyOL-.
FIGURE 5 (a) Computed current through a four-channel cooperative
complex with V = 70 mV, [Ca21] = 2 X 10-7 M and binding reduction
factor g = 0.75 The conductance assumption is that each open subunit
contributes equally to the conductance and the whole computed trace spans
a time of 960OyMOL-r. (b) Measured Na current from patch-clamped brain
membrane preparation. Conditions: 60 mV, [Na] = 50 mM, baseline = 0
pAmp. Calcium range is 0.1-0.5 ,uM. (c) Time-expanded trace from the
same experiment as trace (b). (d) Conditions of simulation as in (a) except
conductance proportional to the number ofopen subunits begins only for two
or more subunits open.
simultaneous closing transition of a group of subunits there-
fore becomes very small.
The power spectrum was calculated from extended time
sequences (of 4096 points) by fast Fourier transform. Trans-
forms were taken of time sequences in which the average
probability of the complex being open was in the range 40%
to 60%. After trial variations of calcium concentration and
voltage had established that neither of these parameters had
a detectable influence on the spectrum, a set of spectra were
run at fixed calcium concentration (0.2 ,uM) in which the
desired average state of opening was obtained by variation
of the voltage. The spectrum was then studied as a function
of the number of channel subunits assumed to be in the com-
plex. In the range of three to eight subunits the spectrum was
identical, although the required voltage tended to reduce as
the number of units increased. Also, the slope of the spectrum
did not depend on how many subunits had to be "open" for
conductance but depended only on one parameter of the
model, the binding energy reduction factor g. The one ex-
ception was the case where all subunits had to be "open" to
allow a conductance, when the spectrum assumed a constant
-1 slope as the cooperativity was increased (discussed below
in more detail).
Fig. 7 shows four spectra generated as g is decreased from
1 to a small value, i.e., as the cooperativity is increased. In
this set it was assumed that the conductance of a channel
complex was proportional to the number of subunits open.
The spectra carry a certain level of (random) noise due to the
use of a finite (4096 point) time sequence. Completely non-
cooperative behavior (g = 1) leads to a flat spectrum, the
low-frequency limit of a Lorentzian power spectrum as ob-
served, for example, for the end plate channel of the ace-
tylcholine receptor (Anderson and Stevens, 1973). The pre-
sent calculation does not reproduce the v-2 high frequency
end of the Lorentzian because the opening and closing events
take place in a single time step of length yMOL-1, which is
identical to the time unit that is entered into the discrete
Fourier transform. As some cooperativity is introduced (g =
0.85), the spectrum begins to lose its highest frequencies, and
gains in power at lower frequencies. By the time g = 0.7, the
spectrum obeys a strict power law over more than two orders
of magnitude in frequency. The exponent of the power law,
shown as a function of cooperativity in Fig. 8 a, takes on the
value n = -1.7 as cooperativity is increased to higher levels
(g < 0.7). Experimentally measured spectra are shown in Fig.
8 b (brain and heart preparations) and Fig. 8 c (muscle prepa-
ration). Comparing the model spectra with the muscle chan-
nel data of (McGeoch and Guidotti, 1992), the measured
slope of -1.42 ± 0.14 (mean of six determinations) is seen
to correspond to a binding energy reduction factor g - 0.8,
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FIGURE 7 Evolution of the power spectrum of channel fluctuations with
increasing cooperativity (decreasing g). Transforms of 4096 point time se-
ries for a four-channel complex with [Ca] = 0.2 ,uM at various voltages.
The maximum frequency is YmoyJ2 in each case.
a value consistent with the range deduced above (in muscle)
by comparison with the Ca21 inhibition. Heart data, shown
in Fig. 8 b gave the slope -1.54 + 0.16 (n = 6) (the curve
shown has a slope of -1.63). Analysis of the brain channel
gave a slope of -1.73, indicating higher cooperativity than
in muscle or heart.
It is of interest in connection with the discussion of con-
ductance above that when the program is modified to only
allow conductance when two or more subunits are in the
"open" state the calculated spectra are unchanged from those
presented in Fig. 7. Likewise for the case of only three or four
units of conductance. However, if conductance is only al-
lowed when all subunits are in the "open" state the calculated
slope of the spectrum is -1.0 ± 0.1, in disagreement with the
present experiments. The development of this -1 power law
is illustrated in Fig. 9. Following Montroll and Shlesinger
(1982) one would expect this power law for the frequency of
occurrence of an outcome that depended on the successful
completion of a number of separate, but linked steps. Here,
the separate steps consist of the linked opening of all the
subunits. If the subunits do not interact, then there is no sense
FIGURE 8 (a) Negative slope of log(Spectral Power) versus log(Fre-
quency) plots as function of increasing cooperativity (decreasing g). (b)
Experimental spectral power versus frequency for the brain channel data of
Fig. 5b and for time series of heart channel events. (c) Experimental spectral
power versus Frequency for the muscle preparation (from McGeoch and
Guidotti, 1992).
of linkage between the steps and it is not surprising that the
flat (white noise) power spectrum is obtained, for in that case
we are looking at the overlap ofNwhite noise processes, one
for each subunit. There is data (Tytgat and Hess, 1992) for
a K+ channel (not calcium inhibited) that suggests a form of
cooperativity in which all four subunits have to be in a "per-
missive" state in order to allow a transition to unit conduc-
tance. It would be interesting to know whether the slope of
the power spectrum of this channel was -1.
Often single channel data have been represented in the
form of a plot of frequency of occurrence versus pulse du-
ration. Performing this analysis on the cooperative model, we
found that this plot was exponential, as expected for a process
driven by a true random number generator. The slope of the
exponential was, however, a very strong function of the av-
erage open fraction (of units), unlike the spectral slope that
did not change for open fractions between 10% and 90%. The
power spectrum was therefore a much more accurate indi-
cator of cooperativity than the frequency/pulse duration plot.
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FIGURE 9 Power spectra computed for the case of a four subunit com-
plex at increasing cooperativity, where it is assumed that the complex only
conducts when all four subunits are in the "open" state. The maximum
frequency is yMOL/2 and [Ca] = 0.2 ,u~M. The spectrum evolves to a -1
power law at increasing cooperativity (decreasing g).
It is possible that the existence (Chen et al., 1993) of a
subunit that confers "flickering" statistics on the retinal chan-
nel could be an example of induced cooperativity, rather than
of a second channel species. A corollary of the present results
is that in a cooperative Ca2+-regulated channel, any species
that competes with Ca2+ binding, either directly or allo-
sterically, will have a strong effect on the cooperativity, and
hence the channel statistics. The recent indication (Hsu and
Molday, 1993) of a competition between cGMP and Ca2+ in
the retinal channel is possibly of interest in this regard. In
(Hsu and Molday, 1993) reduction in cGMP activation of the
channel by Ca2+ was mediated by calmodulin in an allosteric
interaction. The reverse process also must hold, i.e., cGMP
binding must reduce the affinity of the calmodulin for Ca2+.
That this mechanism does not have Ca2+ binding directly to
the channel, but to a subsidiary coupled protein does not
affect the applicability of our model.
In conclusion, this new framework begins to explain the
extraordinarily complex behavior of calcium-controlled,
cGMP-dependent cation channels. These channels are ap-
parently ubiquitous in the body and relate to sensory per-
ception and sodium control. We have constructed what we
believe is a minimum model of the calcium and voltage de-
pendence of the channel current and shown that it predicts
a power law spectrum whose slope is related to the strength
of a hypothetical cooperative interaction at the locus of cal-
cium binding. Although this is a specific realization of co-
operativity, related to calcium binding, the theory clearly
extends to arbitrary cooperative processes involving other
ligands. The development of power law spectra in coopera-
tive systems is a general phenomenon, observed in ferro-
magnetism and other systems of coupled spins in forcing
fields. The fact that the cGMP-dependent cation channel ex-
hibits a power law spectrum in many circumstances suggests
that a cooperative mode of operation is at work. However,
there are other ways in which a spectrum that looks very like
a power law spectrum can be generated, notably in the sum
of several kinetically different variants of a channel, so it is
not possible to say that such a spectrum observed in isolation
is proof of cooperativity. In the present case we also take into
account the stronger resemblance to experiment of coopera-
tive as opposed to noncooperative time records ofthe channel
current when we suggest that it is very probable that the
cGMP-dependent cation channel is cooperative. There ap-
pear to be advantages to cooperativity in primary processing
for sensory perception. It is expected that a cooperative com-
plex ofcGMP-dependent cation channel units should display
heightened discrimination for voltage, calcium, and tempera-
ture, compared with a single channel subunit.
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